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Structural Dynamics of Stiffened Plates with Piezoceramic
Sensors and Actuators

Kenneth M. Newbury¤ and Donald J. Leo†

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0261

A dynamic model of a stiffened plate, developed for the purpose of analyzing the coupling between piezoceramic
transducers and the plate dynamics,is presented. The model is based on Hamilton’s principle and discretized with a
polynomialexpansionof the transverseplatevibration.Theeffects of eccentric stiffeners, piezoceramic transducers,
and point masses located on the plate are accounted for in the model. To validate the model, the results of numerical
simulationsare comparedwith experimentsonarectangularaluminumplatewith oneeccentric stiffener andsimply
supported boundaryconditions. The model accurately predicts the � rst seven natural frequencies and modeshapes
of the plate as well as the coupling between piezoceramic transducers and the plate vibration. A study of the plate
natural frequencies and transducer coupling over a range of stiffener heights reveals that for geometries with slight
asymmetries and near repeated eigenvalues the corresponding mode shapes are very sensitive to small changes in
stiffener height. For the structure studied in this work, the sensitivity of the mode shapes caused the piezoceramic
transducer modal strain energy fraction for the fourth mode to increase by 140% with only an 8% increase in
stiffener height. Over the same range of stiffener heights, the piezoceramic transducer modal strain energy fraction
for the symmetric structure’s fourth mode only changed by 5%.

Nomenclature
A = cross-sectionalarea
Amn.t/ = expansion coef� cient
a = plate length
a = vector of expansion coef� cients
amn = expansion coef� cient
b = plate width
C , c = boundary condition spring constant

(torsional spring)
C11; C12; C44 = lead zirconate titanate (PZT) elastic constants
D = bending stiffness of the plate
d31 = piezoelectric coef� cient
E = elastic modulus
F = impact magnitude
G = shear modulus
h = height (z direction)
I = stiffener moment of inertia
K , k = boundary condition spring constant

(linear spring)
K = stiffness matrix
K t = torsional constant of stiffener
L = Lagrangian
M = mass matrix
mPtMass = point mass
n = number of degrees of freedom
Q = force vector
Qk = external forces
qk = generalized coordinates
r = ratio of the plate length to width
T = kinetic energy
tstiff = stiffener thickness
U f

PZT = fractional modal strain energy
in the PZTs (nondimensional)

U f
stiff = fractional strain energy in the stiffener

(nondimensional)
V = potential energy
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Vin = applied voltage
Vout = output voltage
W = out-of-planedisplacement
x = in-plane coordinate
y = in-plane coordinate
z = out-of-plane coordinate
® = nondimensional in-plane coordinate

(x direction)
¯ = nondimensional in-plane coordinate

(y direction)
±T = kinetic energy of the system
±W = virtual work
"0 = permittivity of free space
· = relative permittivity
º = Poisson’s ratio
½ = density
U = vector of trial function products
! = angular frequency

Introduction

S TIFFENED plates are widely used in civil, marine, and aero-
space structures because of their high strength-to-weightratio.

A stiffened plate structure typically consists of a plate that is rein-
forced by attaching beams to one surface. Both the load-carrying
ability and the dynamics of the stiffened plate are affected by the
geometry and material properties of the plate and stiffeners. An
understanding of the structural dynamics of stiffened plates is im-
portant to researchersin � elds such as vibrationcontroland acoustic
radiation.In addition,the ability to evaluate sensorand actuatorper-
formance is bene� cial in active control applications.

For a speci� ed plate and stiffener layout the fundamental fre-
quency, mode shapes, and the modal spacing will depend on the
properties of the stiffeners. The majority of previous research in-
volving stiffened plate vibration has been focused on � nding ap-
proximationsfor the natural frequenciesas a functionof the stiffener
propertiesusing either the Rayleigh–Ritz method or a � nite element
method. For example, in one of the earlier works on stiffened plate
vibration, Kirk1 used the Rayleigh–Ritz method with simply sup-
ported plate mode shapes as trial functions to � nd the approximate
natural frequency of the (1,1) mode and the (1,2) mode of a simply
supported, thin, isotropic plate with a single stiffener. Laura and
Gutierrez2 investigated the vibration of rectangular plates with a
particular set of boundary conditions and varying stiffener length
usingtheRayleigh–Ritz methodandapproximatingthe fundamental
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mode shape using a polynomial function. Numerous � nite element
studies3¡8 have also been performed on stiffened plates, some to
determine natural frequencies, others to calculate static de� ection
with an out-of-plane load.

Natural frequency approximations are usually suf� cient for ap-
plications in which the primary concern is avoiding a structural
resonance. In noise and vibration control applications, though, the
mode shapes play an equally important role in the design of effec-
tive passive and active treatments. It is well known that structural
sound radiation is related to the radiation ef� ciency of the vibration
modes.9 This concept has been extended in recentyears to the study
of radiation modes10 as a means of determining which modes are
dominant in the acoustic response of a structure. Mode shapes also
play a central role in the design of passivedamping treatmentsusing
the modal strain energy approach,11 and they are directly related to
the amount of energy dissipated in passive shunts.12

The primary contributionof this work is a general Rayleigh–Ritz
model that can accuratelypredict the natural frequencies and mode
shapes of a stiffened structure with surface bonded piezoceramic
transducers. The Rayleigh–Ritz model is based on a polynomial
expansion of the out-of-plane displacement of the plate. The dis-
cretized model results in a mass and stiffness matrix that incorpo-
rates the energy terms as a result of the plate, stiffener, boundary
conditions,piezoceramictransducers,and any point masses located
on the structure.

Piezoceramic actuators and sensors have gained considerableat-
tention in recent years as a result of their ability to be integrated
directly into the structure. In the past a variety of methods have
been developedfor modeling-inducedstrain actuationof structures.
In earlier studies13¡15 assumed stress or strain distributions were
analyzed to determine statically equivalent forces or moments that
were then used to represent the actuator’s in� uence on the structure.
Even in dynamicanalyses,these forcesormomentswere assumedto
be independentof frequency.In most of the early models, the added
mass and stiffness caused by the actuatorwere also neglected.Later
approaches16¡19 have incorporated the dynamics of the interaction
between the actuator and the host structure as well as the change
in the host structure’s dynamics resulting from the presence of the
actuator. The later models have been shown to yield more accurate
results for dynamic analyses.

In the present work the effects of piezoceramic sensors and actu-
ators are added directly to the kinetic and potential energy terms of
the plate and stiffener. Modeling the piezoceramics in this manner
incorporates the effects of localized stiffening on the response of
the material and the plate. Variations in the mode shape and natural
frequencycausedby the propertiesof the piezoceramicare naturally
included in this formulation.

This paper is organized as follows. A Rayleigh–Ritz model is
developedfrom the Hamiltonianof the plate, stiffener, and piezoce-
ramic elements. Mode shapes and natural frequencies are veri� ed
experimentally on a simply supported plate with a single stiffener.
Analyses are performed on the variation in the natural frequencies
and mode shapes as a function of stiffener height. The modal strain
energy fraction in the piezoceramic elements is analyzed to deter-
mine controlauthorityas a functionof stiffenerproperties.The � nal
section summarizes the work and presents the major conclusions.

In the Nomenclature, subscripts of a symbol (except for indices)
indicate the component to which a symbol pertains; for example,
½plt is the density of the plate material.

Model Development
The model developed in this work is based on the extended

Hamilton’s principle20

Z t2

t1

.±T C ±W / dt D 0

±qk.t1/ D ±qk .t2/ D 0; k D 1; 2; : : : ; n (1)

If both the energyand work terms in Eq. (1) can be describedusinga
set of time-varyingcoordinatesand their velocitiesonly, then Eq. (1)

can be represented by Lagrange’s equations of motion:

d

dt

³
@L

@ Pqk

´
¡ @L

@qk
D Qk ; k D 1; 2; : : : ; n (2)

There are basically two approaches to describing the motion of
the stiffener and the plate. In one approach the midplane of the
plate is assumed to be the neutral surface, and the strain � eld in
the stiffener and plate are described entirely in terms of the out-
of-plane displacement of the plate. Membrane forces in the plate
and axial forces in the stiffener(s) that result from the eccentricity
of the actual neutral surface are ignored. In the other approach no
assumptions are made about the location of the neutral surface, and
the in-plane displacements are described with independent degrees
of freedom. In our work the � rst approachis usedbecauseit has been
demonstrated21 that if the stiffeners are sparse the assumption that
the neutral axis is coincident with the midplane of the plate does
not lead to signi� cant errors. The geometries that will be studied
using this model will be limited to only a few stiffeners. Another
method sometimes used to simplify modeling of a stiffened plate is
to replace it with an “equivalent”orthotropicunstiffenedplate.21¡23

Although this method can be effective when the spacing between
the stiffenersis small comparedwith the distancebetween vibration
nodes, it cannot accurately predict the structural modes when the
stiffenersare sparse,unevenlyspaced,or signi� cantlyvaried in size.
Also, it has been shown21 that this approach will lead to errors in
high-order modes. The severity of the errors and at what frequency
they begin to appear depend on the particular approximationsused
in calculating the equivalent orthotropic plate parameters.

For ourwork the out-of-planedisplacementof the plate is approx-
imated using the set of polynomial trial functionswith time-varying
contribution coef� cients:

W .x; y; t/ D
NX

m D 0

NX

n D 0

Amn.t/

³
2x

a

´m³
2y

b

´n

(3)

This expansion is the same as one used by Charette and Berry16 for
the study of unstiffenedplate vibration.This approximationwill al-
low the expressionof the kineticenergy,potentialenergy,and virtual
work in terms of the coef� cients Amn and their � rst time derivatives.
The coordinate system is shown in Fig. 1. If the contribution coef-
� cients are assumed to be periodic in time,

Amn D amne j!t (4)

Lagrange’s equationsof motion for the system will yield the system
of constant coef� cient linear equations

.¡!2M C K/a D Q (5)

which is an N 2 degree-of-freedom model of the system that can
be solved for the approximate system response. The system mass
matrix M and stiffness matrix K will be the sum of contributions
from the individual components of the structure: plate, stiffener(s),
piezoceramic transducer(s), and point mass(es). In this work the

Fig. 1 Plate coordinate system.
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force vector Q is derived for both voltage excitation of a surface-
bonded piezoceramic transducer and for an out-of-plane point im-
pact. Modal analysis is used to solve for the system response. In
brief, this method consists of � rst solving the homogeneous (free
vibration) problem to obtain a modal model of the system. Modal
damping values either are assumed or are estimated from experi-
mental data. The force vector is then transformed into modal coor-
dinates,and the modal responsescalculated.These modal responses
are transformed into physical coordinates a, and the expansion
terms in Eq. (3) are summed to � nd the approximate system re-
sponse W .x; y; t/. For convenience,we will express the expansion
in Eq. (3) in a more compact form:

W D aT U e j!t

where

U D [®0¯0 ®0¯1; : : : ; ®0¯ N ®1¯0; : : : ; ®N ¯N ]T

® D 2x=a; ¯ D 2y=b; r D a=b (6)

The spatial coordinatesin thedirectionsof the plate lengthandwidth
have been nondimensionalizedand are represented by ® and ¯ .

Structural Model
The mass and stiffness matrices are derived from the energy

terms for the plate, stiffener(s), piezoceramictransducer,and a point
mass located on the plate surface. As with the model developed by
Charette and Berry,16 the derivation of the plate stiffness matrix is
based on the small de� ection theory of thin plates, which allows all
of the signi� cant stresses and strains to be written in terms of the
motion of the midplane of the plate W . The thin plate assumptions
are as follows24:

1) The strains at the midplane of the plate are zero.
2) Normal strain in the z direction can be neglected, and the

normal stress in the z direction is small enough compared with the
normal stresses in the x and y directions so that it can be ignored in
the stress-strain relations.

3) Normals to the midplane of the plate remain normal to this
plane after bending. This assumption means that out-of-planeshear
strains are small enough that they can be neglected.

With these assumptions the stiffness matrix for the plate is

Kplt D 4D

ra2

ZZ

Aplt

£
U ®® U

T
®® C r 4 U ¯¯ U

T
¯¯

C ºr 2
¡
U ®® U

T
¯¯ C U ¯¯ U

T
®®

¢
C 2r 2.1 ¡ º/U ®¯ U

T
®¯

¤
d® d¯ (7)

where

D D
Eplt.hplt/

3

12.1 ¡ º2/
(8)

The mass matrix for the plate is

Mplt D ½plthplt
a2

4r

ZZ

Aplt

U U T d® d¯ (9)

The mass and stiffness contributions of a stiffener oriented par-
allel to the ® axis are

Kstiff D Estiff I
8
a3

Z 1

¡1

U ®® U T
®® d®

C K t G
8r 2

a3

Z 1

¡1

U ®¯ U T
®¯ d® with ¯ D 0 (10)

Mstiff D ½stiffhstifftstiff
a

2

Z 1

¡1

U U T d®

C ½stiff I
2r 2

a

Z 1

¡1

U ¯ U T
¯ d® with ¯ D 0 (11)

Note that the stiffener moment of inertia I is computed about the
assumed neutral surface, the midplane of the plate. The torsional
constant is

K t D
hstiff t3

stiff

3

Á

1 ¡ 0:630
tstiff

hstiff
C 0:052

t 5
stiff

h5
stiff

!
(12)

for a rectangular cross section. The mass and stiffness matrices for
a stiffener parallel to the ¯ axis are similar.

The mass and stiffness matrices of a piezoceramic transducer
bonded to the plate surface are

Kpzt D
µ

h2
pzt

12
C

.hplt C hpzt/
2

4

¶
hpzt

4
a2r

£
ZZ

Apzt

¡
C11

£
U ®® U T

®® C r 2 U ¯¯ U T
¯¯

¤

C C12r
2
£
U ®® U T

¯¯ C U ¯¯ U T
®®

¤
C C444r 2 U ®¯ U T

®¯

¢
d® d¯ (13)

Mpzt D
½pzthpzta2

4r

ZZ

Apzt

U U T d® d¯ (14)

The elastic constants of the transducer are

C11 D
E1;pzt

1 ¡ º2
pzt

; C12 D
ºpzt E1;pzt

1 ¡ º2
pzt

C44 D
1

2
.C11 ¡ C12/ D

E1;pzt

2.1 C ºpzt/
(15)

Point masses are also modeled to account for the effects of trans-
ducers, such as accelerometers,used to measure plate response.The
mass matrix caused by a point mass located at (xm , ym ) is

MPtMass D mPtMass U .xm ; ym /U T .xm; ym / (16)

To allow modeling of a variety of boundary conditions, the struc-
ture’s boundary is represented by massless linear springs perpen-
dicular to the plate and massless torsional springs. By varying the
spring constants, the model can represent free, clamped, and simply
supported, as well as boundary conditions between these extremes.
The boundaryconditionswill contributeonly to the structure’s stiff-
ness matrix. The spring constants K and C in units of force/length2

and force ¢ length/rad¢ length are nondimensionalizedwith respect
to the plate stiffness and length by the expressions

k D K a3=D; c D Ca=D (17)

The stiffness matrix corresponding to the ¯ D ¡1 boundary of the
plate is

Kbc1 D
kD

2a2

Z 1

¡1

U .®; ¯ D ¡1/U T .®; ¯ D ¡1/ d®

C 2Dcr2

a2

Z 1

¡1

U ¯ .®; ¯ D ¡1/U T
¯ .®; ¯ D ¡1/ d® (18)

The development of the stiffness matrix contributions for the other
edges is similar and will not be shown.

The mass and stiffness matrices for the entire structure are cal-
culated by adding the contributions from each component of the
structure:

M D Mplt C Mstiff C Mpzt C MPtMass

K D Kplt C Kstiff C Kpzt C Kbc0s (19)

The left-handside of Eq. (5) is now complete, and the free vibration
problem can be solved.
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Forcing Functions and Sensor Equations
Two types of excitationare consideredin this work: concentrated

impact loads that are perpendicularto the plate and inducedin-plane
strains resulting from electrical excitationof the piezoceramicactu-
ator(s). An impact load is represented by an impulsive force acting
at a single point on the plate. The force vector QPtForce is found
by differentiating the work that corresponds to a displacement at
the point of the applied force with respect to the expansion coef� -
cients a:

QPtForce D @W

@a
D F U .xF ; yF / (20)

Using the same technique,the force vector correspondingto voltage
excitation of the piezoceramic actuator is

Qpzt D ¡
Vind31

2r
.C11 C C12/.hpzt C hplt/

£
ZZ

Apzt

¡
U ®® C r 2 U ¯¯

¢
d® d¯ (21)

Note that perfect bonding between the transducer and the plate is
assumed.

Becauseof the piezoelectriceffect, a piezoceramictransducercan
also be used as a sensor. The expression for the voltage output is

Vout D ¡
d31hpzt

2r·²0 Apzt
.C11 C C12/.hpzt C hplt/ aT

£
ZZ

Apzt

¡
U ®® C r 2 U ¯¯

¢
d® d¯ (22)

Note that the open-circuitvoltage output is based on both the strain
� eld in the transducer, which results from the displacement of the
plate, and the transducer material properties.

Experimental Validation
The stiffenedplatemodel was experimentallyveri� ed for the case

of an aluminum plate (Fig. 2) with one eccentric stiffener and two
surface-bondedlead zirconate titanatepiezoceramicwafers (PZTs).
The aluminum stiffener was bonded along the long centerline of
the plate with epoxy. Simply supported boundary conditions were
simulated by machining a groove near the perimeter of the plate
from each side. The outer edges of the plate (outside the grooves)
were clamped to a relatively stiff and massive � xture. The area
inside the machined grooves was a (nearly) simply supportedplate.

Fig. 2 Plate used for model validation experiments.

Table 1 Natural frequency comparison (experimental
modal analysis vs model)

Frequency, Hz

Mode Experiment Model Error, % Shape

1 338 342 1.2 (1,1)
2 803 802 ¡0.1 (1,2)
3 894 935 4.6 (2,1)
4 1042 1041 ¡0.1 (2,2)
5 1442 1435 ¡0.5 (3,2)
6 1491 1543 3.5 (3,1)
7 1625 1610 ¡0.9 (1,3)

Data points were located by marking an evenly spaced 117 point
grid on the plate. The 25:4 £ 38:1 £ 0:25 mm PZTs were bonded to
opposite sides of the plate at the center of one of the plate quadrants.
Orientationof the PZTs was such that an applied voltage resulted in
a pure moment load on the plate. A modal analysis was performed
by measuring responseat a single locationand excitingthe structure
at the 117 data points with an instrumentedhammer. Plate response
was measured usinga laser interferometer,and an FFT analyzerwas
used to calculate frequency responses up to 2 kHz. Postprocessing
for the modal analysis was performed using a commercial software
package.

Natural Frequency and Mode Shape Analysis
To verify the modes predicted by the model, an experimental

modal analysiswas performed.The experimentaland predicted fre-
quencies agreed to within 5% for the � rst seven modes, and the
model predicted the correct mode shapes. Table 1 summarizes the
measurednatural frequencies,thepredictednatural frequencies,and
the mode shapes for the � rst seven (all of the sub-2-kHz) modes.
The rectangular plate mode shapes are denoted by the number of
half-sine waves along the x and y axes, respectively; for example,
plots of a few low-order mode shapes (see Ref. 20, p. 438).

Response Analysis
A collocated PZT sensor-actuator transfer function was used to

verify the model’s ability to predict the coupling between the PZTs
and the plate vibration. The experimental and simulated transfer
functions are shown in Fig. 3. In general, the agreement is good.
However, the model does overpredict the natural frequenciesof the
� rst (1,1), third (2,1), and the sixth (3,1) modes by a few percent (Ta-
ble 1). This is attributedto two factors.First, the model development
is based on the assumption that the neutral axis is coincident with
the midsurface of the plate. For a plate with eccentric stiffeners,this
assumptionresults in a slightoverpredictionof the bending stiffness
perpendicularto the stiffener, the magnitude of the error depending
on the relative dimensions of the plate and stiffener. Second, the
model does not account for the � nite stiffness of the epoxy used to
bond the stiffener to the plate. The compliance of the epoxy reduces
the effectiveness of the stiffener on the experimental plate. Multi-
plication of the stiffener’s contribution (Kstiff ) to the total stiffness
matrix by 0.90 reduced the average percent error of the � rst seven
modes from 1.1 to 0.2%.

Stiffened Plate Dynamics
The model described in this paper was used to investigateseveral

features of the stiffened plate dynamics as the stiffener dimensions
were varied. Also studied (as a function of stiffener dimensions)
were the abilities of PZTs in two different locations to couple into
the stiffened plate vibration.

To nondimensionalizethe size of the stiffenerrelative to the plate,
the strain energy of the stiffener is expressed as a fraction of the
total strain energy in the stiffened plate for the case of pure bending
perpendicularto the ® axis. This type of displacement is represented
by the trial functions in which U ¯ D 0, allowing integration with
respect to ¯ in Eq. (7). The resultingexpressionfor the strain energy
fraction is

U f
stiff D

E I .8=a3/

E I .8=a3/ C .8D=ra2/
(23)



946 NEWBURY AND LEO

Fig. 3 Collocated PZT sensor/actuator response.

Fig. 4 Natural frequency of modes (by shape).

Also, the modal strain energy in the PZTs was nondimensionalized
bydividingby the totalmodal strainenergy(stiffenedplateC PZTs).
The nondimensionalmodal strain energy in the PZTs is denoted by
U f

PZT.

Natural Frequency
The natural frequencies of the � rst seven modes were calculated

as the stiffener height hstiff was varied from 0.25 to 25.4 mm with
a stiffener thickness (tstiff) of 1.59 mm. The natural frequencies of

each mode shape are plotted vs the stiffener strain energy fraction
U f

stiff in Fig. 4. The stiffened plate mode shapes were identi� ed
by calculating the dot product between the predicted shape of each
stiffenedplate mode with the mode shapesof an unstiffened,simply
supported plate.

The natural frequenciesof the modes with shapes (x ,1) increased
signi� cantly with increasingstiffener height, whereas the other nat-
ural frequencies changed little. This result is explained by the fact
that (x ,1) shapes involvesigni� cantbendingof the stiffener,whereas
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the othermode shapesdo not. As the stiffenerheight is increased,the
stiffener bending increases the stiffness for the (x ,1) modes while
having little effect on the stiffness for the other modes.

PZT Coupling and Mode Shape Transition
The ability of surface-bonded PZTs to couple into the stiffened

plate vibration was investigated for two PZT locations and a range
of stiffener heights hstiff. This coupling, which is a factor in deter-
mining the effectivenessof a PZT as a transducer,was quanti� ed by
calculating the modal strain energy fraction in the PZTs (U f

PZT) for
each mode. The magnitudeof U f

PZT indicates the potential effective-
ness of the PZT as an actuator for either passive or active vibration

Fig. 5 PZT modal strain energy fraction for quadrant PZT.

Fig. 6 PZT modal strain energy fraction for center PZT.

control. Modal strain energy is not always a good indicator of the
PZT coupling for modes in which the PZT is near a nodal line be-
cause the PZT charge is also affected by the sign of the curvature.12

The studies described next are for a 3:18 £ 203:2 £ 304:8 mm plate
(the same dimensions as the experimental plate) and a 1.59-mm
thick stiffener.

Figure 5 shows a plot of PZT modal strain energy fraction U f
PZT

for collocatedPZTs (onePZT on eachsideof theplate) locatedat the
center of one of the plate quadrants (quad PZT), as shown in Fig. 2.
Figure 6 shows a plot of the PZT modal strain energy fraction U f

PZT
for collocatedPZTs locatedat the centerof theplate (centerPZT). In
both � gures thecurvesare identi� edby the order in which the modes
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Fig. 7 Dot product between fourth and � fth modes of stiffened plate (with quadrant PZT) and unstiffened plate (2,2) and (3,1) modes.

Fig. 8 Dot product between fourth and � fth modes of stiffened plate (with center PZT) and unstiffened plate (2,2) and (3,1) modes.

appear (frequency-wise). An interesting feature of the quad PZT
plot is the presence of regions with large changes in strain energy
with only a small change in stiffener height. These large changes in
PZT strainenergycorrespondto modes with nearly identicalnatural
frequencies (repeated eigenvalues). In this small range of stiffener
heights, the order in which the mode shapes appear changes. These
large changes in PZT modal strain energy do not appear in Fig. 6,
the center PZT strain energy plot.

A more thoroughinvestigationof oneof these “transitionregions”
was conducted for the range of stiffener heights in which the order

of the (3,1) and (2,2) modes changes. Figures 7 and 8 contain plots
of the dot productsbetween the fourth mode of the unstiffenedplate
and the (3,1) and (2,2) modes of a simply supported unstiffened
plate, and between the � fth mode of the stiffened plate and the
(3,1) and (2,2) unstiffenedplate modes. Figure 7 corresponds to the
stiffened plate with the quadrant PZTs, and Fig. 8 corresponds to
the stiffened plate with the center PZTs. The stiffener thickness is
1.59 mm, and the stiffenerheight ranges from 5.18 to 5.69 mm. The
transition in the order of the modes occurs over a much wider range
of stiffener heights in the presence of the quadrant PZT. There is a
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range of stiffenerheights for which each of the stiffened plate (with
quadrant PZTs) mode shapes resemble both the (3,1) and the (2,2)
modes. A plot of the fourth and � fth mode shapes corresponding
to a stiffener height in the transition region is shown in Fig. 9 (for
the stiffened plate with quadrant PZTs). Figure 9 also contains a
plot of the quadrant of the plate in which the PZTs are centered. It
is the signi� cant change in the curvature of these plate regions as
the stiffener height is varied that causes the large change in modal
PZT strain energy in the transition region. The fraction of modal
strain energy in the PZTs is plotted in Fig. 10 for the fourth and � fth
stiffenedplatemodes for the rangeof stiffenerheights in which their
natural frequencies are close.

One conclusion that can be drawn from this examination of the
transitionregion is that for stiffener dimensions that result in nearly
repeatedeigenvaluesthe eigenvectorscorrespondingto those eigen-
values are relatively sensitive to small changes in the structure.This
sensitivity will create dif� culties in accurately predicting the ef-

Fig. 9 Mode shapes in the transition between the (2,2)/(3,1) modes.

Fig. 10 PZT modal strain energy fraction near (2,2)/(3,1) mode transition.

fectiveness of surface bonded PZTs. This sensitivity only appeared
in the case of a structure with an added asymmetry, the quadrant
PZTs. The symmetricstructure,the stiffenedplatewith centerPZTs,
did not have a range of stiffener heights with “distorted” mode
shapes.

Summary
A Rayleigh–Ritz model of stiffened plates incorporating piezo-

ceramic sensors and actuators was developed. The model includes
the effects of multiple stiffeners and multiple piezoceramic ele-
ments. Clearly delineating the mass and stiffness matrix contribu-
tions of the various components, the model can easily be used to
analyze the structural dynamics over a range of plate and stiffener
parameters.

The modelwas correlatedwith experimentson an aluminumplate
with one eccentric stiffener and simply supported boundary con-
ditions. Both the natural frequencies and the mode shapes of the
stiffened plate were accuratelypredicted. Frequency response anal-
yses showed good agreement between simulated and experimental
results for a collocated PZT sensor-actuatorpair.

The model was used to investigatethe changesin the dynamicsof
a rectangularplate with a single stiffener and surface-bondedPZTs
for a range of stiffenerheights.As expected, the natural frequencies
correspondingto mode shapes that includedsigni� cant strain of the
stiffener increased while the other natural frequencies varied only
a little. Also, for geometries with slight asymmetries and near re-
peatedeigenvalues,the shapesof the modes correspondingthe those
eigenvalues appeared to be very sensitive to small changes in stiff-
ener height. In the structure examined in this paper, the asymmetry
was caused by a pair of collocatedPZTs located in the center of one
of the plate quadrants.The sensitivityof the mode shapescaused the
PZT modal strain energy fraction for the fourth mode to increaseby
140% with only an 8% increase in stiffener height. Over the same
range of stiffener heights, the PZT modal strain energy fraction for
the symmetric structure’s fourth mode only changedby 5%. In gen-
eral, this sensitivity can create dif� culties in accurately predicting
PZT coupling for modes whose natural frequenciesare close to one
another.

Future work can include experimental veri� cation of the mode
shapesensitivitywith repeatedeigenvalues.Also, theeffectsof other
asymmetries (mass loading for example) can be explored.
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